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. . Introduction

. Thie article gives a basic method for examining systems of regulation by reans "
; of thelr frequency characteristice. The general differeantial equations of regu- 2
. lating aystems ar¢ studied, and from them the relations between characteristics of o
’ a connected or disconnected system ire deduced. The assignment of one of the fre-
quency oharacteristios of a regulating system ip a dlaconneoted or connected state,
or the aasignmeat of its amplitude-phase charactieristic is ehown to be suffioclent *
¢eflnition of the behavior of the aystem in the regulatiag process. Frequency :
characteristics for cases of donzero starting conditions and ay disturbing force .-
are conaldered. :

Frequency criteria, given in conclusion, permit determination of the con-
ditions which are necessary and sufficisnt fur the regulating procesa to bhe
acaomplished without overrsgul-tionm, or so that 1t may be affacted moootonically.

] Appendices explain the methnd ro5r flading, b; means of an oscililngram of the
. translent process, the aupiluade-punsse, or frequanvy charncteristice. kelations
: are derived to show that the mere asslenment of a real frequency charactoristic
determines the asaignment of zu imng .aary ¢:rogueney characteristic, and vice
versa. The same reiations are ceducod between the natural logarithm of an v
amplitude charscteristic and a phas: cheracteriatic y
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Diffevential equations for eny regulating aystem (see__Fisure 1, also the

g following ayaterm) can be expressed in the followlng form [/ 1. /: . N
Equation of devlation
s(t) = 8 (t) —@ (v), (1)
Equation of regulation ‘
R(p)p = KoN(p) 8, (2)

Equation of the object rogulated
D(p) P = M{p)P(t )+ L{ple, (3)

vhere p=a%and # (t) 1s the required law of variation with time of the regiulated

magoitude; ¢ s tho actual varintion with time of the regulated magnitude; S s

the dlfferense of the actual yariatlon of Hue regulated magritude and the apec¢i-

fles 1aw of variatlon; @ is the regulatlog action of magnituls at the catput of Lot

the Togulator; £{t) is the disturiing forecse; D{p), M{p) and L{p) are operators, de- . }
panding oniy on the parametirs of the regulatel object; R(p) avd K{p) are . L

oporators dspendent only upon the varamsters »f the roguletpr; Ko i the trana-

ulzslon ratip, or total awplificscion factor, of ths regulator.

In the Jolnt system of equations (1), (2), ani (3), there are included
three, unknown functions @, 8 and @  and two fanctiong £(t) and 4 (t),
repreaenting certair functions of time.

Eliminating from equations (1), (2), and (3) the functlons ¢ and 0 , ve:
pbtain the heterogeneous differentisl equation

(o) R(p HEoR{p)L{p) = D(r)R(p) #{t)-M(p)R(p2(t], %)

the aplution of whlch represents the variation with time of deviation & of the
rezulated magnitude, vhen the acticn of tne two dleturbances 4 (t) and £(t) 1s
simnltaneous.

In exactly the same way we cea obtatn from (1), (2). and (3), a Aifferen-
tial equation for the regulated magnitude

[P{p R(p H-KeR(p Fip )] @= M(p)R(p)E(t H-EoN(p)L(p) 6 (t). (5)

Yo v

The oheracter?ztlc equation of the regulating system, as 1s clear from
1 () pr (5), will have the form:

D(A)R(A)+EaN(A)LON) = 0. (6)

Furthermore, for the sake of silmplificaticn, we shall assume that the

regulating system 1s affected not by the two disturbing forcea g (L) and £(t),

but by elther one of them. Thls suppesition does not limit the statement as

to general application, since, *'f the methed of determining the effect produced

by any of thess disturbancse separately is known, thelr Jolnt effect may be .
T found by making use of the principle of guperposition. &

Hore it must be noted that, in the oase of regulating systems, the tusk
of whaich conslste of maintalning the regalated magnitude at an aseigned constant ;
value, the disturbing force 4(t) le naturally absent, since 1 thig couw
- d(t)= Fo=r ¢ om= consl,
vhere ¢, represonts the valne of the regulated magnltude in the state of

aquilibrium of the system under conslderaticn, from whick an effort is belng
made to divert oute: disturbancen.
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On.the conﬁmry, in the case of mervosystems, the force ¢{t), which is
received. by the system from a-glven element and which in this osse generally
représenta an arbltrary time functicn, s a basic disturbing force,

Furthermore, for the sake of a general stetemsent, but on the basls of
that made above, we assume 1ir each case ’
f{t) = 0
that tke force d (L) from the glven elemeat, reprasenting a glyven function of
time, is & single dlsturbing forcs. .

Fow, sssuming that Lo (L) and (5) f(t) = ©, we have
[B(p)R(p HEoN(p)L(p)/ §== D(p)R(p) ¢ (t), {7)
[B(0)R(2H+Eo8(p)Lp)] ¢ == Keli(p)L(p) & () (8

E. Differential@g‘u:ati‘ons of & Ragu_lating Systen in a Dlsccnnscted Siate

If the regalating system is dlsconnscted, as shown in Figare 2, and an
oupeide dlgtuybing force u(t) s ‘ntrednced at the aide of the break, the caly
chsngé produced theredy in equatione (%), (2), amd (3) ccnelsts of replacing
in the right-hand member of equatlon (2) the unkoown variable 5 by the assigned
time funotion u{t). The reast of the Alffereniial equatisn 14 not chsibged, eince
vg ‘mesume’ thet Lhe regulatur does not produce an inversge reaction on the objsct
rogulated and, therofore, oquatirn (%) of the regnlated object remslng thc
game regardless of whethsr or not the regulator 1s .onncoted with 1it,

Now, assuning, as in the case of the connected system, that f(t)== 0, we
shall obtain

D(p)R(n) 5 = D.x'Rlg) ¢ (t Eo0(p)L{r u(t), (9)
D(p)E(2)P = KoR{p)i{p)u(t) (10)

D = KoW(pla(t), (10a)
N

where © EW(p)= KO;%‘:%DH(%)Lo (11)

Consequeni iy, the vharacteristis equailon of a regulating systsm in a dis-
connected state, as is olear from (9) or (10), has the form
P(AIR(A) =~ 0. (12)

The operator KoW(p) mey be called the operator of the regulating eystem
ir a dlsoonnected state.

It 1 now easy to see that the characteristlec equation (6) of a regulating
system 1o a connected state consists of two bssic components, the first of
vhich, D(A) R()\), representa the left alde of the characteristic equatlon (12)
of a regulating system in a Glsconnected atate, asd the second, KoX{A)L()),
dotermines those changes in characteristis egquatioan (12) which cause the
oloeing oY the previously disdonnected system. Morsover, we see from (11) that
the operator of the disconnected syatem of regulation KgW(p) represents the
ratlo of the second of these components to the first (substitutirg im them
for the operator p.

-3 .
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C. Charscterlatic Function and Amplitude-»?h&ee Charaoterietic of & Reﬂx(la.ting

Syshiea

As we kncw (see 1_1_7 for example) iniorder to analyze the stabllity of a
regulating system with the help of Nyquist'e criterlon, there is lntroduced into
the examinstiscn the function

N(z)L(z
%2{z)D(z)

the form of which 1s Zeterwined by the cperator of the regu‘]a!;ing gystvem {11),
considered as a functlon of the complex T=arlable z.

K(z) # Kgrprtoriy (13)

The stabllity or instability of the regulating system is Judged by the
cteraster of the curve described by the end of the charactserfstic vector

EoN(Jo) ¢ Ko Blmi{ie) (138)
B(Jw)D(Jed
with respesct to the pe’at (-1,30), or in other wirds, In sccordance with the
behavior of the functlon KzW(z) aloag the lmuginary axic.

The curve descxlbed by the snd of the vector I@W(Jw) ia the change ofwfrom
4eam Lo oo, 18 calied the smplitude- huss characteristio,

. A will be shown below, the behuvior of the charactecistic function K W(z)
along the imaginary axls permits not only judglag ths stability bat also giving
?;j;,umplete cheracterialii. of the dypamic nroperties of the regulauing syastem

137

In vlovw of the epenial importanse for ug of tke axplituda-»haqe characteristic
T}, 14t uk pevse. first of all to explain ite physical meaning.

ist ne examine the regulating system in a disconnected atats =and find the
induced csvillatiens @ B(t), oaused in it by the disturbing foroe u(t) vhich
repreaents 2 2armonic Tunotion of the form

u(t) = uycosat
or
u{t) = uo edby up o ~I- {1}
e e
It 1a easily seen that, in accordance with (10) or (10a),

£ RIEL L EW(w)edo® t 1K(-guje™dot
2 2

Ro
or _ ...
LB(‘J:‘: Y.oﬂ(w)i,o“‘/_;t-".;(wﬂ; (15)

Ug
vhere H(w) and Glw) represent, reapectlvely, the modulus and argument of the
oxpression W(Jw), i.e., {w)
W(Jw) = B(w)e~delw), (16)

or if ir the axpression for W(Jju), we single out the rsal part U(w) from the
imaglinary Viw):

* W(w) = Uw)F IV (), (17)
4t
we may write Hw) =12 H—Té(w),}
&(w) = arc “an {%’%] / (18)

The function H{w) mnd G(w) ars called amplitude and phase characteristics, re-
apectively, and the iunctious U(w) and V(w) are called the real and imaginery
freqnency characteriatics cf a regulating system in a disconnected atate.

o
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thus we sos Lhat the assignmen of the cheracteristic Ffanction KpW(Jw) per-
mits deflning the relative amplitude and phese of the induced harmonic oseilirtion~
1y a dilsconnectsd regulating system at any frequencyds. EHence ths fuuction KcW(Jw),
by enelogy with the corresponding function ancountered in the theory »f electric
circuite, may be donaldered as complex conductivity (in a. genemlized gsense) of
= regulating eystem in a dlsconnected state.

Thus, 1t is obvlous that the amplitude-phase characteriatic of a regulating
system may be detetmined not only from ita differenhial squatiors but alan by eXper-
lment (See /"1 7, and Appendix I).

As an explanatory example of the mmnner in which the amplitude-phase and
frequensy characteriatvics may be found from their differentisl equatlons, let up
exazina the sprresystem represented lm Figuie 3. It conslatbs of the master
exlg 1, the varfation with time in the deflection angle of which s g(t), a
gorvoexls 2 get in motion by the electric motor 3, a meter Y4 recordiag the angle
=f dlacordance or deviation of the regulatad argnitude §, an slsment 5 whlch
glves a slgnal proportismal to the ruts of change 45 of the angle of deviation,
&n electronic amplifier 6, at the input of which a‘stgnal te glven egial to the
gun of the glgnals from bﬂuh msasuring élements 4 and 5, and excitatlion coll
T, atd & gensrator 8 feéding the power motor 3 according to the Ward-Leonard
syotem.

If 1t be -assumed that the element 5 has 1te own moment of inertia,
élagtlclty, and tensile friotion, (for example, = grecasa'onal gyroscope) and
that 1L haa & oritlcel atteniation; tka conhaction between tha asgle of Gevi-clon
S and the voltage u at the input of the amplifier may be represeated 1n the form:

o no[—f_;/-;-’qp) ]

vhere T1 s th> time constant of the "predicted™ element 5 glving the firat
derivative, n, the conntant of the meter of the angle of deviation, and u, the
constant of *he predicted element 5.

Designating s tre grid-plate transconductance of the characieristic of
the amplifier, 4 the varlation of the exoltatiocn current of the gencrator, and
1y and Ry tho inductance and ohmic resistance of the ex~‘tatlion ccil, -va may
write the eguation of the circuilt of the armatures of tke generator 9 aud motor
3 in the foliowing form:

ﬂ +Raia+a.i?—réb'lb,

where i, 18 the variation of the armature current; La and Ra, tLe total in-
ductance and the ohmic resistance of the armatures of the geuarabor and motox; a,
the electrmgnetic constant of the motor; ﬁ“, the tangent of the angle nf 1n-
clination o the characteristic of the motor.

The squation of the serv:iaxis, 1f it be essumed that 1t hms only ipertla,
and 1f friction be disregarded, will be Jdﬁflgéaih, vhere J 1s the mument of
lnertia. ' dt

Thna the Interdependencs of the angle of deviation § and the angle of the
servoaris P may be represented in the form:
1+ 1y 57

5= Kp e
p('pgpa&—.?? wPH) {Topti)

.l

-5 -
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where Fo fa the amp)ificatinn frot st Lor meorrabin of the syoton) zid ogunls: g
g Abp Jia Ba_ FFa ) >
Ko-’no.__..ii,'l‘a' e T A=, T =
b a B 2 a Rb
or

5= Kd-"(P)‘Pa

whers W(p) = (i ripYbwvp ’ ]
2R V3 efty ) (Typ1) (14, p)2

and, coneeguertly, the expression for the amplitude-phase characteristic EgW(jw)
of the gorvosystem  will have the form

BoW{iwi = g (I 7 Jwd o uy des _ .
1T whor m0) (Tletl) (4miw)® (19 , i 3

The snplitude-phase characteriatic odrrespond‘iug to (1) waen .
K =12, .-g—':g 0.0L, 2, ® 0.15, Ty = 0.07, La T 1.6, T, = 0.1, _

18 shown ‘1n‘F1_gu‘reé % ‘and 4& (in'Pigure ba part of tho séme oharacteristic as
Io'Flgure b L5 shown on a larger scale). Froguency characterletisa, found
from (19), in scsordance with formulas (17) and {18) are repregented ian Figure 5.

D.  Indvced Barmonio Oscillations and Frequency Characteriastics of a Connected
Regulating System

Let us now oonsider the induced harmsonic oscillations SB(t) and q,B(t) in
a conaccted regulating system.

Obtaining in (9) and (10)

8{t) : % coswt, H .
or B(¢) = edwt fp eIt (20) ~
Q& 2 ‘ ’ a8, X
wa ghall obtaia:
zl(gl =-%—@5(Jw )\’Jwt__’__;_ @8('—Jw)p -Jet ]
o :
and . E’ (21) :
PB(t) . 1 Jwt .
7, - Qé(dw)e +"2L®(-Jw)e —jet, J
wvhere hd
. g (o) D(jw) Bjw) o2
- {
. : D{J e JR(J e KN ( J @ ) L( Jw)
and
D) _ Kol{J wlL(yw § (23)

D w R(Jw HEN(Jw )L fe)

6 -

commarrz. (ONFIRENTIAL

v
.

Sanitized Copy Approved for Release 2011/07/06 : CIA-RDP80-00809A000600250707-9



" Sanitized Copy Approved for Release 2011/07/06 : CIA-RDP80-00809A000600250707-9

AONFIDENTIAT soxi-tuml

CONFIDENTIAL

or, taking {13) into arnafderation. - .

(DS(J%}) *TrENTS) (24) ~ d

Plw) | EM{jw) (25)
T LB () ‘
Hence, 1f we put
'vq)g (Jw) = Pg (w)+iGslw) = Ag(w)e_JBs (eo) (26)

® (Jew) = Pleo)+30( =) (272)

and

P (o) = Ao )e'.jE(zo ) (270}

the induded ogcillations in & connected system will be determined by the expressions

%(_t_); Aglw) cos feot - Bg(aw)] Z

and (28)

%@5 A () cos foot - B (). |

. 2
Tho functions P g(Jw) and & (Jeu), by awmloyy with the theory of elestrio
circuits, may be called complex conductivies of a system in a connected atate.

It 1e evident that the frequenoy characteristics Pg , Q 5, Ag,Bgand P, Q, A
and B of & systom in a connected astato are convected withYone another in the
same relations as the frequency charecteristics U, V. E, and G of a system in
a disconnected state. See (17).

E. Determination of the Frequency Characteristlics of a Connected System
Acsording to a Given Amplitude-~Phase Characteristic

. On the basis of formulas (24) and (25) 1t 1s easy to sse that the real
Pg{cw), P (cw) udn the imaginary @s (w ), Q(ew ) frequenoy characteristics of a
chnnected eystom can he determined according to the frequmncy characteristics
Ulew), V{ew) of a dlgconnected system, waich, in their turn, may be determined
according to the glven amplitude-phase characteristic Kd‘lgjw), see {16), with the
welp of tis furmuias

P5 () o LTES ) I+~E Hc 0aG
[,T+K°U(w_)',7€{- Koevz(w ) 1+2KoHcoe(}+K¢3112 (29)
. -Eo¥ (ew) Kol
Qplw) =

[T+EoT(w P b Ko®2(w) © 14-2KqIcosGKoRH?

Plew) = EgU(ew )/iHEgi(w )H4Ee2V2(eo) . Ky cosGHKe H2
[i+Egi(cw ),72-;-‘x°2v2 (ew) 1+ 2KoHc08G+Kqg2H2

(30)

.

ka) = Re¥(w) . \ -KsH 8in G
LI+KolJ(w)72+K02v2(w) " 14 2KpB cos G+Eo? Hp

vemomnnss. GONFIBENTIAL
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In regard to formulas (29) and (30) the following should be noted:

In Appendix IT, it is shown that, as many authors bave proved, {500 [§],
[ii]), the real frequency characterlstic of the sysiem may be found if the
.meginary fraquency ch.racteristic is glven and vice versa. (Thils statement ls
uged f=r every rsal stable system with any finlte number of degrees of freedom.)

The same statement may aleo be made in regard to the amplitude and phasse
characteristice. On the other hand, however, formulas (16) show that the
emplitude and phase chardcterlstics may alwaya be fcound through the given rsal
end imaginary frequericy characteristic., and vice versa.

Thus we arrive at the following conclusion: In order to determine all fre-
quency characteristics of a aystem, both in a ccnnected or diacoriected state. (with
a fixed disturbing force and given starting conditlions), it is sufficlent to give any
one of 1ts frequency characteristics, etther in a connected or disconnected state.

Hence 1t follows that the assignment of a form of any one of the frequency
characteristice determizes the Jorm of the remalnder.

The freduency characteristlics of a connectsd syetem can be very slmply de-
termined graphically through the amplitude-phase cheracteristlic (2).

The modialug of Dz(Jw) at a given yaiue wwllil be egual (e2e Wigure 6) to-
the zatlio of the lengtihs of the vectors X0 and . that 1s,

P I </d ‘
/43(“’)’“)¢8(Jw)} “_*_Kuw(jw),_—)n'i' (51)

and the argument (or phase) will he agual to the angle in radlana bstween those
same vectors, that is,

Bg(w)=arc OKL. (32)

Just 8o

Ikw(edl _oT! ]
T+ wawl  JRT) (23)

B(w)zl(b(d‘w)l:ar; OoLK. (34)

) Alw)=19(jwll=

Thua, the frequency characteristics of a system in a connected state can
be determinsd analytically or graphically through a given amplitude-phase
characteristic or through the frequency characteristic of the dlsconnected system.

For the oxauple exanined abeve, in conformity with (19), (24), and (25).
the expressions forFg{Jjw) asid (Jw), will obviously have ths ferm:
QS(J’“’)‘L . ./"’[Tal'(»lw)z-—}'2:a_7‘;_‘)w+l](u1w +‘i)[l+‘?,(d'¢u)_71 .
JoL TE(jwl 280 Tojat 1T(T, )t (e +1P2FK, 07 o F V<)
ang}w)z Ka[(’l'} jw+/)1i 4] J“)J s (35‘)
[felTaCjwP+2E,Te fewt T, jeo+ D00 jeat DK, (7 jot+ 14y, j«)
The frequency characteristics P, Q, A, B, which may be found directly with

the help of (35) or graphlcally from Figure 4 or Figure 5 according to the rule
glveni&bove, are depicted in Figure 7.

-8 -
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F. Repressniing the Functions (i) and P (£), Which Letermine the Remuistine
' rroceay, in the Jorm of Foarier Integrals

et

Let us now =ssume that, for the reguleting aystem in s connected gtate which | - |
we are eramlnlng, there im applisd not the hermonic dlaturblng forse (13) but the :
dtsturbance B (t), which is of arbitrary form but satlsfies tho conditions which
rast_be obgerved so that it can be represented in the form of a Fourier integral

L3 / .
() =52 \ ¥ () e ™ eus,
=2 PR (36) y

where ©

V(o) = &Mt)eﬁ'wtdl‘- ,

(37)

In (37) tne lower limit ls taken aa O, slnce we. are eupposlng that 4 (&) = 0 "t,.
when T 0, : ' ;

Now, 1n accoidance with (36), r ilsturbling force in the general case may ] ‘ 1}
be consldered the limit of an infinite agum of barmonic cacillatlicns of the form

2 Y(jw) dweiw?

‘taoh of vhich, sccording to the Toregsing, causss \he induced oscillations:
Ry o wl
Qs ljwis Yjw)olewe vt

Since we ars sxamlnlng linear aystome, in which ths principle nf svper-
position holds, the effect produced by the disturblang force 4 (t) w11l thus
be equal to -4

5(t) =75 S Y(jw) Fs(jwe 1% du, (38)

—®

and 1n just the same way

o= s | ¥ B w)e s -

" The function Y (sw) ts called the complex frequency spactrum of tae dig-
turbing force € (t).

Agsuming that

o V()= Fw) e jCe) (10)
‘: and taking (26) ard (27) fato consideration, instead of (38) we can write: o
> - B(t) =z fm.,)A s T TB N

- and in like menner —com

P0)= \ F(e) Afw)e i [ot+00) =BT 4,  (42)

whence it follows that the fransient process with any dlsturbing force is de- .
termined by the assignment of the amplitude F(co) and the phase C{cu) of ths ‘
. frequency spectra of the disturbing force ar &l o by the amplitude Aa(or A)
- and phase B g (or B) of tie frequency characteristice of the system under conalder-
: ation., '

;' In amalyzing the dynamics of regulating systems in the nature of the effect K
: A (%, frequent uee ig made of the so-called unit function of Heaviside which we "
shall express as [ 1_/; it {s defined thus:

mf‘=/ when t>0,~)

b3) ‘|
LIJ1=0w/-le-n [ (
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Kou, lat na asanme that

BlL)=E,L 11,
where &, = const. (L) :
The function (4k) obviously dses not satisfy the conditions of the Fourler i

integral theorem, since

Tmm;dr , (b5)

does not exlset for 1t end, ogonnequently, 1t {8 not possible to use formulas

(36) to (59). In order to surmount thls difficulty, 1t 1z posaible to change
thig function do that it will satisfy .l the conditiona of the Fourler inisgral
theorem snd at the same time have a form aufficiently close to the required form.

It 18 poseible to do thls ty severa1 mnethods [ b 7 One o. the methods ls
lricluded in the following: .

Let alt)==0 wl:ent<0,}
9(5‘:..—9@’“’: when >0

where ¢ la a small, real, posltive qnantlty.

(b6) i ]

It is evi.'ent tha’., by gelescting a eifficlexatly emall quantity for ¢, we
ohall always be able to manage so that the functlons (&%) and (46) will dfffer
one from the other less than by an préviously asslgned coustant magnitudes ¢
within the 1inits of any finitae laterval of time t., Funotioti (46) satisfles the
oonditléns of the Fourler integral theorem, and hepce, we can make uge of the
above-stated formulas for it. Furthermore, we perceive that this will remain
true eveu 1f ¢ —»0, with the proper interpretation of this limit

In fact, by oubstituting (4§) and (37), we shall obtain
. g
W(jw)=6, \ e~CcrywTe bmzphz- (47)

Thus, in accordance w.tn {36), the funciizn {46) may be represented in the
followlag mannei':

i T

2]
o(t)= E_— 4
—e0
The time functioff (4b4) te the iimit of this expressicn when c-=»0, If we

eimply assume tbat ¢ » O, the Integrel becomes improper, as then Uhe expression
behind the integral aign will have a pole at the origlao of coordlnates, through
which passes the path of lntegration which is the imaginary axts. Thus, if we
wish to make ¢ = O, 1t ls necessary to alter the path of i{ntegration with the aid
of & eamall esmicirzle at the origin of ths coordinates (Figurs 38).

As ths Fourler tranaformetlon is true not only for imagipary buc also for
complex values of the argument, we oan assume in (48) that Jew= 2z, where z 1s a
complex variable. :

Then, instead of (48), we shall btain
g(t)__ e Jz, (49)

zZ.

vhere ths integral 1s taken along che'”contour tn Figure 8.

Let us suppode now that the disturblng force in the form (48) 1s applied to
.“e system with complex conduobivity ® (Jew). Then, acoording to (39}, we cun
vrite:

) _ (‘ @ ()
b0 2T y ot © it (30)
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b
Agaumineg that. 1, « 7 and polosting oo the pothr of LLUOgRaVing WU wwiivoul u

in Figure 8, we can laasume, Jaat as abov‘i‘, that ¢ = ¢, and then

(t) / (2, :
kd :ﬁ--.» ~§- )eztdz (51)
: 4, J ooz
We shall now express tha'transle_ngogroceaa, cansed in the syatem vy a
alogle disturbing influsnce (b4%) through Lts frequency chraracteristics.
G.  Expregslons Determining the Functions () and @ (t) Through the Frequenocy
Charaot'er‘iét:i‘ca‘ of the Srstem i
As, 1a acoordance with (49), +(JQ=
1 s i
@(O.‘)[}J"_Q_vf‘/‘ X “;’ezrdz‘ (52) »
Instead of (51) we can write e
% e
L) . (j i) y—ABr = d
2 O[] =it | 2ETR) oty (53) et
s wj ). z J
Ag the expression behind ths Integral sfgn does not now have a sipgular point B
at the origin of the cuordinates, assumlng that . )
Z = {co A\ H
AL o (54)
2 wl-tjsin th,/
ws oan procecd from the compiex Yarlabls 2z to thé real varianle co . Further, it
is necessury, to make use of ths following properties of the function ¢ (). TFor
physical reasons 1t is evident that the mathematical expression for thla functicn
can have only real coefficlents.
Hence, the expressions P(jco) and § {-jc) are complex and conjugate, that
1s,
- ) 55
Q(m)“"-" Q(~w /" !
Consequently, tue functfen Pley ) le an even fuzction and Qe ) an odd
function ofes, and hence )
P(0)= 9(0);} (56)
Qlo)= 0. !
Suvstituting §f»"4) apd (5%) and saklig into sccount (55), after some con- s
veralons (agq 5. o 76_7) we anz11 obtain y
i . - .
. )
_rl(:*(t_)‘_:i ! ((_u_ S/ tewdew (57) o8
Oy w (s o
or 0 «
(t ¢ ac :
LZZP(O)—{-i— G ) cos Lewd e (57x) .
%, T o -
and s.milarlv e 0 -
! &(r 2 Pglas)
“ ﬂ:%— L8 sinle deo, (58)
8, m o)
s )
On the basis of (57) or (57a), and taking into account (30) or (31), we can .

éxpress the transient provess produced in a connscted aystem by a single dis-
turblng force through its frequency characteristics U(co) and V(e ) 1a a 41g-
connected state with the help of the frrmulas

20 _ _z_‘g",r K U)K, V()] sinte | (59)
=

b,

. 4, l[/+K,{/(w)]‘+l(a‘V‘(w) o
and ) o 2 c(o K V) ) t .
P 2 (2% : Cos tw
=P[0)+TJ [,+&€§w)]1+K01V1(w)} w deo. (59a)
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 Formalae \57) and (57a), or.(59) and (5%9a), show that the translent procsas
“in.a ragnlating ayat.em with A aingls disturbing force is fully determined by the
agsignment of 1ts frequency characteristlcse in a connsctsd or disconnected state

B 3]

Thus ve reach an lwportant conclusion: the egeigument of the characteristlic
Thnotion E-M(z) or »f tho amplirvde-nhr-a charact®ristlic KgW{Je:) permits not only
analyzing the stability and determining th> induced harmonic oscillations ln
the system but slgo determining the picture of the trapslent process; that 1s,
the asaiguwent of a characteristic Tunction E,W(z) s sufficleént, in the case of
a dleturbting force in the form of a aezrislde unit fusstivn and under zero startiag
conditiona, for a complete characterlatic of the dypamlc propertises of a system
from the viewpolnt of the condition of stability and of the conditicvn of the
quality of regulatlon. N

". Application of m Method of Frequency Characteristics in Cage of Any Dis-
thbiqg Influense and of Wonzero Starting Condltions

(Tne folloving gensralizatlon of a method nf fregusacy characteristics, as ’ J
Zar so le koows to us, is belng glven for the flrst tima.) '

The ¢xpressions (57 ) and (58) determine the regulating process through one
of the frequency cheracteristics of a regulating system In a crnnccted stats
with a d1loturbing force 1o the form of a Heaviside unit function and with zero
atarting conditions.

Ia fact, ag we slready know /127, the transisnt process ¥ (t) lun'a linear
dynasic system affactel oy a dieturbing force f(t), #ith some limitations /127,
may be determinsd by the aid of the integral

Ety® o
P =5 ( Tereda (60)
where : e=J®
- T(2)=Y(z) B(z)+ ¥, &, (2). (61)

The functions @(z), Ps (z) may be determinsd from ths differentisl
eqiations of the systeu, and the functlion P {2) in the oamse of regulating
systems is determined by formula (25), or (24), and the function &, {z) 1s de-
termined by the expresalon

B,(z2)= i —

2 %/ Dr=) RCz)FK N ()
Tre funoilon ¥ (z) im determined by laplace's tvansformatior 1or a dls-
turbing force £(t), that is,

@
Wiz) = S@‘*sz(t),lt, (62)
and in the particular case when %(b) = Zfi_Yﬁ it takes the form
) )
Vi(z)== £, (€3)

and the function #(z), 1o the case of systems with centered parameters,
may be determined from the differential equation of the aystem and from initial
condltions.

The tule {or finding the functlon ¥ (z) s facluded 1n the following.
Ist us assume tha# the equation of the systoz teikes the form

%+a”_/d—m——“p_+"‘+"‘ 49 4. omf(t
and bwhen tom ) 4t dtn= Y de o P = );
s x5
i SQ g, S F . .. 179
?=pﬁ, dt ‘P’ dt > ¢1’ ’ W =‘P’n“/'

- .QHPJF!!!ENUM
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Then, to find Vu (2‘.),’ it is necessary to make a table

[ @hEr g giend ’ i B
A ] -y S N
% aJ Gy Qm=! ..+ an
- Fa . 0 1 an o oag

"s.‘l o b -0 c (2',;.,
and to multiply each of the cosfficlente of g1l the lines cf this table by z to
the same power that z has In this colivn, and by @ with the same slgn that this
magnitude has in the same column as the coefficlent ay underconétderaticn, and
then add the resulta, that is, )
- n—a
U (2) =@, (GpZ e B )4
+ @, (52?2 dau—r TP 754 . tan )t
n—94
+o [L-usz“J-f-a,h—/z F...Faz)
+ Fa,

If the function J(z), made up -y the method given above of Y  (z), ¥ (=)
and @ (z), sstiefles the conditlonc of the Fourler integral theorsm, i ig
poaaible to pat c== O into formula (60) ard to carry out integration along the
imeginary axls; that is, we can %rite

sp.ft,?n—-g#) Tljmyed et e
vkence, assuming hbat "J_(:j'w):X('w)—f-J Q(ou)
Vige) ==y lo) +j% (o) _ (65)

Uf(jjw) =Vy(w)Fjxy ()

and taking lnto accountw(él , We can write .
q)(t)=7fr- g [X(w)ecos wt—-Y(w)Sl"’ ewt]dw, (66)

-~

vhere the functions X{:,} and ¥(co), which ve cail, respectively, real and ’

imaginary frequency functions or generalized freqQuency characteristics, can be

sxpresaed by the raal freanensy characteriastic P(c ) and the imaginary frequency

characteriatic Q(c« ) and by the realy («w), »n{cw) and the imaginary A (e ),

Xy (~0) parts of the freguency smpectrum v () o the Adistrabing force and the

function ¥y (w) from the initinl conditions withi t4e ald of the relations:

><=yP—.4-p~ Fo—x Q —xy G?a) /
= Y=2P424 P Fy Q414 4,.f

If the function J(z) bas a)p?le at ths origln of the coordinates, that is
can be repressnted by tha form—l-!ﬂ wbere J,(0)#=0, 1% 13 more convenlent, in
this care, to deflns the respective real and imaginary parts of the oxpresainn
Ji{z), vat oot J(z), through X(cw) and Y(e).

(67)

By the same reesoning in this case ma abovs, we havs for the translent
process exprsss.ons which will differ from (57), (57a), and (58) only in that
the fupctions X(eo) and Y( ) will be included in them ingtead of the functions
Plew ) an® Qe ).

H

Thus, in this cage, vith any diaturbing forc- and with the nonzero conditlons
unier whick the integral (64) exists, the reguleting proceas will be determined
through vhe functicon X{ e ) ang’ Y(c,) with the help of the relations:

a (o) N .
plor=2 | 202 sinlo do, B
o 3
2, Yo
- ‘P(I‘):Xm)‘f”;’f \J ) cos Lew da, (58a)
@ a
end olzilarly S(Z")=% S_)Ssiw) SinTwdw (69)
H
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: a
§(r) =X &(/))‘f"-p:? (YS(”) s Tesdo \
’ . (63a)

1. Frequency Criteria of the Ahsence of Overregulation and Frequency Criteria
ef Monotony

Calculation of the integrals (57), (58}, (58), and . (69) is taually very
compliceted in cases which are of imtereat in practice. Hence the gquestion arises:
is Lt possible to Judge the character of a transient procs gg from the viswpoint
7 conditions &n regnlatlion, sccording %o the form of the frequency characteristics
Pleo ., Ueo) o= Alcw), Blew ) without ceiculating these integrals?

We have already touched upon this question in part in 57_7. Here we shall
conflne ourselves to an lndication in regard to twe progerties, of great practl-
cal importance in our opinion, of the generallzed real freguency function Xg (co),
which with gero Initial condivlons and with a disturbing force ln the form of a
Eeavigtde unit function, gee (44), emounts to the real frequency characteriatic

N

P(w).

Before doing this, however, we shall introduce some definitions. ILet us
examine the curve in Figure 9, chéraccerizmg the variation with time of the
devietion of a regulated magnitude. Lst ua agree to call the resgulating process
oscillating, 1f in 1ts zourse the devliation ${t) at eome moment of time ia shown

to be romstimes greater, sometimes less than. the magnitude of the static deviation
(
{carve I).

We shall say that the proceas does not have overregulation if the deviatiocn
% (t) rvmaine leas than the magnitude of the static def.ection $, during the
whole process {ocurve II).

We shall call the regulation process monstonle if the function § {t) repre-
sents a monotoniocally increasing Zunction of time tending tuward tae magnitude 5,
vhen t —» o  (curve III). ,

From the definitious given, Lt is svident that all monotonic processes do
not have overregulation, but that not every process without overregulation is
mcootonlc (for instance, curvé II in Figurs 9).

Now let us examine the propert!lss which must be poesssud Ly the generailzed
- real troguousy funotionme X s (e ): 1) so that the process msy nct have over-
regulation and 2) so that the Process may be monotonic.

Ag we knov from [ 3_7, 1f X5 (co) 13 & positive, nonincresasing, continuous
function acd X g{cv) I8 connected with the S(t) relation uf the form (68), the
functzon & (t) ropresents & posltive function less than the constant quantity 4,
vhatever t may be, and $,= §(w)= X; (0).

Fartkermore, it may be demonstrated that 1f X g(cw) is a positive, monotonl-
otlly decraasing function, then $(t) represents a positive, monotonicmlly in-
oreasing function aaa 3,=w(@)==X 5(0).

Thus; on the basls of the statoments Jjuat made, ve can make ths inllowing
asgertion, walsh may be called the frequency criterion of the sbsence of over-
. regulstion. (We have already stated this criterion, ses [7_,7, but in its
application tc a uszal and not to a generalized freauency characterZstic. The
frequency criterion for monotonicity 1s presented for the first time.)

In order tu bring about the regulating process without rver-
regulation, it is nacessary and sufficlient that the real Frequancy
Tunction X g (cw) of the regulating systsm in & counected astats rep-
resent 1 positivo, nonincreasing, continuous function of the
frequency . -

-1 .0
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In concluston, we formulate tho frsquency criterion for menotonlcity:

That the regulating process msy be brought aebout uncnotonically,
1t 1a necoupary-asnd sufficlent that the real frequency fuaction X g
(e ) represent = positive, monotonlcally decreasing function of the
frequency v .

In view of tmeir gimplicity, the criteria formulated sesm to have great
practical significancs.

Concluglong

1. The assignment of one of the frequency characterlsticsg of a regulating
gystem with a fipnlte rumber of degrees of fresdom in & disvonnacted atats is
sufficient to dstermine the form or 1te amplitude-phase cheracteristic.

2. The frequency characteristics of a regulating syastem in 2 connected
atate may be found thryough 1ts frequency characteristics ifu a dleconnected R
state both analytlically and graphlcally. SR ,

3. The regulating process, induced by a single dlsturbing force (Heavi- ' 2
slde unlt fumction), is determinsd by the assigmnment of the ampliiude-phame s ) .
characteristic or of the frequéncy cha.acteristics of & system in & diszpn-
nected or connectsd state.

L. The translent process in a astable regulating system, in case of any
disturbing force and nonzero initlal conditions, may be determlinsd if one of
the frequency charactaristics of the system in @ connected or digconnected
state, tre frequency spectrum of the disturbing force aad the initial conditious
are glvan.

. 5. To avold overregulation, it 1s neceogsary and sufficient that the real
‘frequency function xs(w) represent a positive, nonlncreasing, continuous
funstion of the fraquency cu.

6. To effmct the regulating process monotonically, it s necessary and ,
aufficlent that the real freguency fuaction X §(cu ) reprement a positive, con- v
tinuous, monotonically decreasing function of the frequenmey co. )

. Appendix I. Finding Amplitvde-Phage Characterisgtiss
4. From ©.n Oscillogram of the Translient Process

Ag we know, the usual experiment method of finding amplitude-phase
characteristics comss down to the memsurement of the amplitvie anl phase cf tho =
induced harmonic oscillaticns in a disconnected syetem at varicus freyusnclos. ]

However, finding the amplitude-phase ~harecter!mtics experimentaily by the
method mentloned above may sometimes be incolvenlent, eapecislly in cass of non- ~
alectric members with large timo congtants, because of the racessity for speclal '
apparatus for measuring the amplitvde and phase of the inducald harmonic ocscillations .

at different frequencias.

At the same time, obtaining an oscillogram of a trensient process fn such o
members, in case of applying tn thelr input a disturbing force of any dwvtermlned
form, often presents no significant experimental diffisulties.

A Henoe, the question arlsee, is 1t poseible to indicate a simnle method of '
[ finding the amplitude-pbase characteristice of a system directly fra® &n oscillo-
zrem of the tramsient process 1nduced in 1t by & disturbing force of any determined ;
. form? : .
It ls demonstrated that this questlicn may bhe ans.sred 1n the affirmative.
g -5
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The method suggested below for finding the amplitude-phase characteriscice
9ivarlous’ wembers oL wsIvogyebems or regulating ayatems by mears of an pscillo-
gratt of the transient process was workad out by Bedford ang Fredendall A 8~7.
This method was used to determine amplltude and phaae frequensy sharacteristics
of telsavislon apparatus with.an cecillogran of the traneient proceas induced in
the apparatus by a dleturbing force in the form of a rectangular lmpulge of
sufficiontly long duration ln comparigon with the duration of the Sransient
process.

We may asgume that it is not the rectangular impulse wilch s tha disturbing
1orce, but the single disturbance, th:: is, the dlsturbance arfsieg at the
moment of time t = O, and lasting any desired time.

The beeic hypothesls on which this method 1s founded consists in the
asgumptlion that it le posmible to plot & gradvated curve of approximitely the
same barmgnic form as the given curve (Figure 10). It fs evident that in
approximating a gilven curve by ald of the graduated curve it i possible to
cbtain any desired degree of accuracy, by taking any number of graduations ln
the field, sorresponding with the irregular part of the process.

We gee from Figure 10 that the graduated curve has the vomponents g h, 1,
etc. Hach of these rectangular componenta ls identical in form with a digturb-
ing force and, conseguently contalns all the harmopics contained by the dig-
turbance. Howsever, oach of the rectangular components differs one from the other
and from the disturbance, both &s to Pamplitude™ and as to the amount of lag.
Therefore, the harmonics of the varlious rectangular components are out of line
with the harmonice of the disturbance at different phase angles depending upon
their lag.

Consequently, the ratio of the amplitude of eack harmouic of the diaturbance
to the amplitude of the harmonic of the gradutted curve re, -esents the asum ol
the veotors, and the length of each of these vectore is proportional to the
height of the graduations g, h, i, etc. Thelr deviatior angles may be deter-
wined from the amount of the lag 5f tho corresponding rectangular components.

Figare lla shows the vector structura required to find the amplitude and
phase corresponding to the frequency w,. Emch component veotor turns at the
sams angle in relatlon to the preceding vector, equaling con AT as the rec-
Lepgu.er components g, h, i, ... are out o. llne, ome with another, alcng the
time axls for one ani the same interval of time AZ.

The compousnte m, n, p, r are negative. Conseguently, the vectors m, n; P,
x are mleo negative. The length of the segment OB reprosenting the vector sum
of the veotors g, h, etu., determines the comparative amplitule cf the syestem,
and the angle @ the phame at the frequency oy Flaure 11, Lo drawn for a
frequency equal to 2ewqy. Hers the angle between subsequent vectors 1s egral
to 2 u)—n'At\

@

To facllitate plotting the vectors epesial norographs may be mafie vo reduce

te z minfpaw [ 8_; the tims required to pici a graph.

Appendix II. Interrelation Between t':e Frequsncy

Characterlatics of a System (§Z

It follors from relatlons {(56) and {57) taat some relatlon must exla% be-
tween the ¥requency characteristics P(w ) and e

iet ug find this relation. Differentlating (56) and (57) with respect to e
t ls eaay to soe that:

°< @(wsin Leodes = —-ip(@)co\y Twdw (70)
] o

-6 -
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Aa S’(w) {8 an even funct,ion, wg, can write: -
P(w)—__\cas'wu du 3 F(x)c.as uxdx; (1)

or, taking (70) tnto account, - ‘
Fle)=— = ?oos wu dn % Q(x)sin 'kXdX»“ (72)
Similarly ,: mn
Qley=—% 58 cdu | Pocosaondn,
17

Procseding from (72) and {73), we can pass over [107 to Ellbert's trans-

formation, according tc which
P(w):_ G oy allc 9P

Qlary=—t TLED 4,

It 18 necessary to consicder the integrals included in (7&) as the chief
valuea of the lntegrils.

(74

Lst us nov exmmine the connection betwesn the amplitude £{c0) and the phage
B{ew) frequency characteristlcs of the system.

Taking the logarithm of (27b), we shtain:

108 (jed=1m 4 () § [~B ()] (1)
Comparing (75) with (27&)_:
Qljew) = Plw) =5 Qlw) (27a)

1t 1a easy to gee that the natural logarithm of the amplitude characteristic

and the phase characteristic (with a minus slgn) are in the sume relatlons one
tn the other as the real P(c ) nnd the imaginary Qe ) frequency characterlstics.
Hence, on the basis of analogous reasoaing, it may be demonstrated that the
natural logarithm of the modulus A{co) of the complex conductivity ‘I (Je) end
its argument -B{cv) are connected one wlth th= cthar by Hilbert's trensiormmtion,
that la, analogously to (72) and (73):

In ,4(;,)=J- Scos wwdw \ B(x)sin uxdx, (76)
a:d B[w):—L‘§5"’ wu J'w’ T%A(X)CGS uzr dx, 1
- B w)
e I'n/’.(cu)iﬁf——# SP .4)—134 ’ (18)
and B (e )om L X- ine A(u) die j
Expression (7h) shows that the real frequency characteristic can found

1f the imaginary frequency characterisilc ie given, and vice versa. 1n pre-
clouly the same way, in accordancs with (78), asslignment of the amplitude
characterietic predetermines (in the case of systems with minlmum phase dlaplace-
mvct) the form of the phase characteristic, and vice varsa.

Bode [il 1_7 showved that the followlng relation can also be obteined be-
tueen the characterietics of the phause B(w) and the amplitude A{e)

8( )——-g#—-']m coth Jul d'u‘!

wkbich, although 1t ceems more compllcat,ed than expresaion (?8), an te Integrated
with com.parative ease.
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